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Abstract

Natural disasters such as sudden floods, storms, severe snowfall, and droughts are major problems in
the world. Generally the distributions of extreme values are heavy-tailed distributions, and an important
heavy-tailed distribution is the Weibull distribution, especially for non-linear behaviors. Therefore, ~L-Moments;
accurately estimation of the occurrence of disasters is required to deal with such situations in a timely | H-Moments;
and efficient manner. Several methods can be used to estimate the parameters, for example, moments
estimate, maximum likelihood estimate, linear of moment, and high-order L-moments. The objectives
of this article are to estimate the parameters of the four-parameter Weibull distribution with weak non-
linear effects (W4DN) based on the LH-moments method, and to propose a new parameter estimation
formula. The proposed formula is classified into two cases based on the coefficient of the second-order ~ Article History:
term (0): Case 1, where the coefficient is positive (6 > 0) and Case 2, where the coefficient is negative

Extreme Event.

(0 < 0). In both cases, the corresponding estimation formulas are derived g, and A for p=1, 2, ... and  Received: 10 June 2025
r=1, 2, .., respecti\{ely. The_parame_ter es_tir_na_tion_s @ a, 6¢3 and k) are then optim?zed using _the Revised: 09  August 2025
augmented Lagrangian adaptive barrier minimization algorithm. These formulas provide a practical

approach for parameter estimation that is essential for forecasting extreme events in various disciplines, ~ Accepted: 13 September 2025

including hydrology, meteorology, insurance, finance, and engineering. Published: 01 December 2025

1- Introduction

Nowadays, the data used for predicting extreme events, such as extreme rainfall, extreme temperatures, flood, drought
and height of wave, in order to applied in many fields for meteorology, hydrology, agriculture and engineering. Mostly,
the distributions of extreme value are generalized extreme value distribution, generalized Pareto distribution, Kappa
distribution, Wakeby distribution and Weibull distribution. Many researchers have studied and developed these
distributions, including the Weibull distribution. The Weibull distribution is commonly used for modeling phenomena
with monotonic failure rates [1, 2] and is used to model lifetime data. A variety of new distributions were developed as
generalizations of the Weibull distribution. For instance, Mudholkar & Srivastava [3] modified the exponential Weibull
distribution. Xie & Lai [4] added two Weibull survival functions into the Weibull model. Xie et al. [5] proposed a
Weibull extension distribution. Lai et al. [6] developed a modified Weibull distribution. Bebbington et al. [7] studied a
flexible Weibull distribution and its properties. Lai [8] reviewed some generalized Weibull distributions. Almheidat et
al. [9] proposed a generalization of the Weibull distribution, namely, the Lomax-Weibull distribution, that describes the
shape and scale parameter properties. Meanwhile, Kamal & Ismail [10] suggested a new five parameter lifetime
distribution, which mixed the complex Weibull extension distribution and the Burr XII distribution. A type of interesting
Weibull distributions involves nonlinear behavior data to forecast the extreme characteristic for the estimation parameter
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process which should accurately reflect the tail of the distribution. Nonlinear behavior data has been previously studied
by lzadparast & Niedzwecki [11], which involved a four-parameter Weibull distribution with weak non-linear effects.
They investigated the probability distribution function, commonly observed as wave data for engineering applications
in offshore environments, which requires an accurate forecasting model. The behavior of the tail distribution is the most
important to study.

In addition to studying the probability distribution of data behavior, determination of the parameters for practical
applications is essential. Accurate and reliable parameter estimation is crucial, so the estimation of distribution
parameters has attracted considerable interest. Several methods have been proposed for parameter estimation, including
the method of moments (MM), maximum likelihood estimation (MLE), L-moments, and higher-order L-moments (LH-
moments). The method of moments, introduced by Pafnuty Chebyshev [12], and the maximum likelihood estimation
method, developed by R.A. Fisher between 1912 and 1922 [13], are among the foundational techniques in parameter
estimation. More recently, researchers have applied Artificial Neural Networks (ANNSs) as an alternative approach for
parameter estimation, such as Phoophiwfa et al. [14].

Hosking [15] introduced a new approach known as L-moments, which is based on linear combinations of order
statistics and serve as an alternative to conventional product moments for describing probability distributions and sample
data. Compared to traditional moments, L-moments are more robust in relation to extreme values and tail behavior and
provide more accurate parameter estimates, especially when dealing with small sample sizes. Furthermore, when
compared with maximum likelihood estimation, L-moments often yield more efficient and less biased parameter
estimates in small-sample contexts. Several researchers have applied the L-moments method in various studies. Notably,
Busababodhin et al. [16], Prahadchai et al. [17], and Shin et al. [18] have applied this technique with real data.
Additionally, comparisons between L-moment-based estimates and other methods have been investigated in various
studies, such as Khan et al. [19, 20] and Bakar et al. [21].

Even though the L-moments method is quite useful to estimate parameters, this method may not be suitable for cases
that involve predicting long return period situations. Moreover, the L-moments method is oversensitive to the lower part
of tail of the distribution and provides insufficient weight to large data values that actually provide valuable information
on the upper tail of the distribution. Therefore, Wang [22] improved L-moments to be high-order L-moments (LH-
moments), so L- moments are a special case of LH-moments, which focus on the upper part of the tail distribution as
well as extreme events more precisely. The estimation method of LH-moments normally indicates high upper quantiles
rather than lower quantiles of the distribution. Some researchers have applied LH-moments in the area of extreme events,
such as hydrology, meteorology, structural engineering, irrigation engineering, finance, and insurance. These studies
applied four-parameter Kappa distribution (K4D), generalized extreme value distribution (GEV), generalized Pareto
distribution (GPD), generalized logistic distribution (GLD), and Wakeby distribution (WAD), such as Wang [22],
Meshgi & Khalili [23], Murshed et al. [24], Busababodhin et al. [25] and Piyapatr et al. [26], Anghel & llinca [27], and
Singh & Chavan [28].

As discussed above, parameter estimation using LH-moments has been shown to be more suitable than L-moments
for modeling data with upper tails. Therefore, in this paper, new parameter estimation formulas based on LH-moments
for the four-parameter Weibull distribution with weak non-linear effects (W4DN) are proposed and presented. The
remainder of this paper is organized as follows: Weibull distribution with four parameters and weak non-linear effects
and definition of LH-moments are explained in Section 2 and Section 3, respectively. The formulas of parameter
estimation for WADN using LH-moments method are derived in Section 4. Finally, the study conclusion is presented in
Section 5.

2- Weibull Distribution with Four Parameters and Weak Non-Linear Effects

Introduced by Waloddi Weibull in 1951, the Weibull distribution is continuous [29]. The two-parameter Weibull
distribution has probability density function (PDF) and cumulative distribution function (CDF) which are defined as
follows:

For =53 e (- (2) )iy >0, o
and
Fo)=1-ew(-(3) )iy >0, @)

where y is a random variable, ¢ is the scale parameter, and « is the shape parameter. The PDF and the CDF of a Weibull
distribution with two parameters is shown in Figure 1.
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Figure 1. The PDF and CDF of a Weibull distribution with two parameters for varying shape and scale =5

In case of § > 0,

fa) = 559

exv (= (5 )iy >

Fp(y)=1—exp (— (%)K),

The Weibull distribution with four parameters and weak non-linear effects (W4DN) is focused on second-order
Stokes wave theory, following lzadparast & Niedzwecki [11], in which the peaks and valleys ¢, of weakly non-linear
and narrow banded process can be written to closed form in the quadratic relationship with the linear random variable ¢,
y + al + 8§72, where y is the constant linear shift (zero™-order term) between the linear and non-linear
process and a and & are the coefficient of the first-order and second-order terms, respectively. The conditions of
parameters, y, a, and & are real numbers, « > 0 and |§| < a.

The Weibull distribution with four-parameter has probability density function, cumulative distribution function, and
quantile function (f;, , F;,, and y, respectively) of the non-linear random variables ¢,, which is defined as follows:

©)
(4)
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and;
1 1
Ve, (W) =y + 8602 [— In(1 — W]« + ap[— In(1 — w)]¥, (5)

where; 0 <u < landu = P({, < y;).

In case of § < 0,

o) = (50 e (- (259 ) 0 + () e (- (259)] ©)
where; y <y — g

Fo ) = [1 = exp (= (55) )| Hy o) + exn (= (25)). )
where; H, (y) = {éz < ]}i
and

Yeu (1) = ¥ + 807[~ In(1 = w)J* + agl~ In(1 — w)]x, ®)

where; 0 <u<1—exp (— (%)K)

3- Definition of LH-moments
3-1- Extreme Value Theory

Wang (1997) [22] defined the LH-moments which are a linear combination of high-order statistics and the formula
of r-th LH-moments with order p = 0,1,2,... for r = 1,2,... 8 A2 = X3.2§ Cy k E[Ypsr—kp+r] Where, Cp = (—1)¥ (r ; 1), if
p = 0 then the LH-moment is the same as the L-moment.

The first five LH-moments are follows:

= E[YpJr1 p+1] 1s the measure of the location of the distribution,

2= E[ p+2:p+2 — Yp+1:p+2] 18 the spreadness of the upper part of tail distribution,
/117
/117

2
;E[ p+3:p+3 — 2Ypi2p+3 T Ypi1p4+3] Shows the asymmetric of the upper part of tail distribution,
1E[ p+ap+s — Vpizpra T 3Ypi2pra — Ypr1p+a] Shows the peak of the upper part of tail distribution,
1
Ap E[ p+5:p+5 4Yp+4-:p+5 + 6Yp+3:p+5 - 4'Yp+2:p+5 + Yp+1:p+5]
The LH-moments of coefficient of variation, LH-moments of skewness, and LH-moments of kurtosis are defined as

p
LH-moments of coefficient of variation: ¥ = j—f,, 9)
1
14
LH-moments of skewness: 75 = j—;’; (10)
2
p
LH-moments of kurtosis: 7} = i—;*,. (12)
2

Accordingly, the LH-moments can be written in terms of probability weighted moments (PWMs) by Greenwood et
al. [30] forp =0,1,2,...and r = 1,2,...as

A =[5t G (23 + 7+ J = K)) Bpariel, (12)
where normalized PWMs is defined in the form:
B, =(r+ 1 =@ +1) [ y(F)FdF, (13)

when B, is the standard PWMs.

Wang (1997) [22] derived the LH-moments of the distribution from the relationship between normalized PWMs and
LH-moments as follows:

A} =B, (14)
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X = % [Bp+1 - Bp]’ (15)
2 =E2[(p + 4)Byz — 2(p + 3)Byis + (0 + 2)B,), (16)
2 =22+ 6)(p+5)Bpis =30 +5)(p + DBpyz + 30+ (P + 3)Bpyy — (0 +3)(p + 2)B,], (17)

s |PHB@F TP+ 0By =4+ 7) (P +6)P +5)Byis +6(p + 6) + 5)(p + 4)Bp. 18
5= 5 4P+ 5P+ P+ 3By + P+ D +3) (P + 2)B, (18)

The relation of Equations 13 to 18 are used to derive LH-moments of the WADN. The steps taken in this research are

depicted in Figure 2.

Study the behavior of the Weibull distribution specific with weak non-linear effects (W4DN)
and examines parameter estimation using the LH-moments method

v

Derive the LH-moment-based parameter estimation formula for the W4DN

Y

Consider conditions of the coefficient of the second-order terms (&)

l

no
—_— o<0

Estimate values of parameters (7., &, ¢ and £) of the W4DN

Y

Summary and conclusion

hJ

Figure 2. Overview of the Research Methodology Procedures
The formulas of LH-moments of the W4DN are shown in the next section.

4- Result
4-1- LH-moments of W4DN

¥ + ad + 8§32, where y is the constant linear shift (zero™-order term), and a and & are the coefficients of the first-order
and second-order terms, respectively. When the second-order coefficient is equal to zero (§ = 0), the W4DN reduces to
the W4D. Therefore, the parameter estimation procedure is divided into two cases based on the coefficient of the second-
order term (&), case 1: § > 0 (positive second-order coefficient) and case 2: § < 0 (negative second-order coefficient).
The derivation of the parameter estimation formulas for each case is outlined as follows.

The LH-moments method for parameter estimation of the W4DN focuses on the quadratic parameter in the form ¢, =
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In case of § > 0, when y(F) =y + §¢p?[— In(1 — F)]i + ap[-In(1 - F)]% and B, = folx(F)FTdF

We get,
B, = =y + (562 + ag) f}[~ In(1 — F)I<F"dF,

Consider, fol[— In(1 - F)]E F"dF and let u = — In(1 — F), therefore,
fol[— In(1- F)]% FTdF = fom u% (1-e™"e%du
= [P uke (1 + (—e W) du
=/ i e To(—1)/ () (e~%) du, from Binomial theory

Too(—1)) ( ) Iy wk e U0 gy,
=0 () () 1710+ Dl e+ D

1

f=o(—1)/ ( ) (]H)%r1 r (; + 1), from Gamma function

substituted Equation 20 intoEquation 19, then

1

Br ——y+(5¢2+0(¢)2 o(=1)’ ()(1+1)£+1F(_+1)

r+1 K

=—y+(6¢% +a)r ( + 1) Yio(-1) ( ) (L)iﬂ

r+1 J+1
= Ly 4 092 +ap) (2+1) T (7) G+ 1) (1+1)
L+ DB =y + (@ + 1P+ aqb)F( + 1)21 oD/ G + 1)__( )(,+1)
HEEr () 3juat-/0 + 037 1),

So,

B =y + 0D (5 g+ (0T )

whenr=p; B, =y -+ (L)5e 1)1(1+1)“(fj,’11)

2
whenr =p+1;Byyy =y +——2 (8¢ +“¢) r )Z’”&( DG+ 1)« (p + 2)

+1
+

&
whenr = p + 2iB,ey =y + CEE O () S5 -1) G+ 1) (p ; 3>
& 1)

J
2
whenr =p+3,B,,3 =y + (60 +“¢)r ) p+3( 1/G+1)7x (p

whenr =p + 4B, =y + MT()Zp+4( DG+ 17 (?j_—f)

(19)

(20)

(21)
(22)
(23)
(24)

(25)

Equations 21 to 25 serve as the initial expressions for computing the first five LH-moments (2%, 25, %, 2% and A2).
These moments are obtained by substituting Equations 21 to 25 into Equations 14 to 18, respectively. The resulting

expressions are as follows:

= (6¢z+a¢)r( )Zﬁ’ (—1IG+ D) (p + 1)

i = 2Ol (1Y goit 1y 4 1) (p * 1),

2! K

3! K

,1§ =ﬂwf( )Zf+§( 1)1(/ + 1)"(/ +2) (P+2)

(26)
(27)

(28)
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7y =) p () pess e+ 2 +3) (0 ), (29)
= pltedl (D prt G+ G+ G+ 96+ 4 (7T (30)

Similarly, in the case of § < 0, when y(F) ~ y + §¢2[— In(1 — F)]E + ap[—In(1 — F)]% and B, = folx(F)FrdF.

= f; [Y +8¢*[—In(1 - F)]é +agp[—In(1 - F)]%] FTdF

(1)
=y [LFTdF + 6¢2 ['[~ In(1 — F)IF"dF + a¢ [T~ In(1 — F)J<F"dF.
Consider, the first term of Equation 31, then
1 gy 1
y [, FTdF = -V (32)
Consider, the second term of Equation 31 and let u = — In(1 — F), therefore,
fol[— In(1 - F)]% FTdF = fowu% (1—e™"e%du
= fowwce‘“ Too(—1)/ () (e™%) du, from Binomial theorem.
2 1 2 r _ 2 [ 2 — j T —uj
S0, 8¢2 [}~ In(1 — F)|<FTdF = 8¢ [ ur e™ T7_o(~1) (.)(e ) du
2
. /T ; _
= 80" 250D () (55)° fo 716+ Dul ) e o 0ulg (4 1w
241
=52 Y _o(-1)’ ( )(]H)" r (%+ 1), from Gamma function
2 r+1
= 60220 () TG+ 07 (4 ) (33)
Consider, the last term of Equation 31, in the same way of the second term, then
1 1 © .
Jy[=in(1 = P FTdF = [ wce‘” To(—1)) () (e™™) du.
1 [ee]
So, a¢ fol[— In(1 = F)[<F"dF = a¢ |, wc e Y o(— 1)1( )(e'“J) du
%+1 ©r ., (l+1)_1 _[(-+1)u] .
= ap Too(-1) () ()7 L1G + D) em00dg[ 4 1yu)
o 241 )
= a¢ Yj-o(—1)’ (]) (}i) r (% + 1), from Gamma function
Amr+1
= il (TG + 07 ) (34)
substituted Equations 32 to 34 into Equation 31, then
22p r+1 r+1
b= v+ 7209720 () TG+ 07 (T )+ e () S0 G + 07 (1 )
So,
B =y + 280 () 500G+ 075 (11 1) +2r () Za-1 G+ (T )
K
when; r = p;
5¢? 2Mp+1 1mp+1
5=y 2 (0 0 ( ) 2 Qo 00 )
when; r =p +1;
5¢? 2(p+2 1/p+2
By =y + 25 () zinig+ 0 (U1 D)+ 2Lr B henio+ o (U1 D) (36)
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whenr =p + 2;

By =7 + 250 () sy + 07 (0 1)) +2r (O zricig - 0 (0 ]) 37)
whenr =p + 3;

Bys =y + 20 () SPA3 1)+ 1) (p N 4) “p (D EPRDIG+ D (S’If) (38)
whenr =p +4;

By =7 + 22 (B g0+ 0 (0L ]) v 2r B ghevig e nF (D) (39)
substituted Equations 35 to 39 into Equations 14 to 18 respectively, so

B =y 28 (g G+ 0 (0 v (B e+ o (0] ). (40)

2 =222 (2 gy 0 (0T e Lr (G s+ o (P T )], (41)

=B () sy (P T+ Lr (e i+ oG+ (777, (42)

26¢2

=2 e/ v+ (P ) v Lr B enevg oo+ (P10 @)

262

p_p+5 K
57 51

rEzmenGEnG a6+ + 0 (7T

44
)G usG+aG+ G+ 0 (P T o

The formulas for the LH-moment ratios, including the LH-moment coefficient of variation (z5), LH-moment
skewness (z%), and LH-moment kurtosis (z}), can be obtained by substituting the corresponding LH-moments
20,25, 2% and 2% into Equations 9 to 11, respectively. The LH-moment-based parameter estimation procedure for the
WA4DN is presented in the following section.

4-2- LH-Moments Parameter Estimation of W4DN

The main advantage of LH-moments is that parameter estimates are more accurate than by method of moments,
especially for small samples. For the sample sizes of data (n), the sample may be ranked in ascending order as
Yy SY@) S--<Ym) The AP, is unbiased estimator of A%, which is proved by Wang [22] as; for p = 0,1, 2,... and
r=12,3,45,

A= C1;+1 Y Gy,

B = oo - 6

7 = o[ - 2G5 + c;;-lcz"'l]y(i),

A= C— nalCish = 3ciert + 3¢ACr T = G e v,

7 = o Bia[Ch — 4CEEACIT + 6CACET — 4GTACET + 6 v,
where ¢/ = j!(iiij)!.

The sample LH-moments ratios can be derived from Equation 9 to 11 to yield

oA
sample LH-moments of CV: £} = %,
1

R A
sample LH-moments of skewness: r§’ = i—g

. A A
sample LH-moments of kurtosis: £} = -
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The difficulties in practical applications is parameter estimates of LH-moments. Therefore, VVaradhan [31] proposed
an augmented Lagrangian adaptive barrier minimization algorithm to optimize for a non-linear solution with non-linear
constraints using the statistical software R.

The objective function to arrive at zero is defined as
fl@s, 1) = -2+ (5 — 1)+ (G — 1> + (5 - 5)* =2 0 (45)

The parameter estimatesA(@ 8, ¢ and i) can be found from the solution of Equation 45. Moreover, the estimates of 7
is obtained by plugging &, 8, ¢ and & into A%, as follows,

From Equation 26, in case of § > 0,

p= L8 (s g0 ])

From Equation 40, in case of § < 0,

p=2 =S ()00 0F () - Fr Qe o e 0= (7))

K

5- Conclusion

Recently, data has been used to predict extreme events, such as extreme rainfall, extreme temperature, floods,
droughts and height of waves for applications in fields such as meteorology, hydrology, agriculture, and engineering.
Mostly, the distributions of extreme value are generalized extreme value distribution, generalized Pareto distribution,
Kappa distribution, Wakeby distribution, and Weibull distribution.

Many researchers have studied and developed these distributions, including Weibull distribution. The Weibull
distribution is commonly used for modeling phenomena with monotonic failure rates and lifetime data. The most
important behavior of the Weibull distribution involves nonlinear behavior data in order to forecast the extreme
characteristic of the process, which should accurately reflect the tail of the distribution. Several parameter estimation
methods have been widely used, such as the Maximum Likelihood Estimation (MLE) and the L-moments method, with
studies comparing their performance for various distributions [19, 20]. In addition, LH-moments and PL-moments have
also been proposed for parameter estimation. For instance, Murshed et al. [24] investigated the LH-moment estimation
for the four-parameter Kappa distribution, while Busababodhin et al. [25] examined LH-moment estimation for the
Wakeby distribution. Moreover, Guayjarernpanishk et al. [32] studied the PL-moments for estimating parameters of the
four-parameter Kappa distribution. Therefore, the formulas of estimate parameters of four-parameter Weibull for weakly
non-linear random variables based on LH-moments method are derived. The new proposed formulas have been derived
in two cases as follows:

In case of § > 0, the r-th LH-moments with order p = 0,1,2,...forr =1, 2,3, 4,5 are as follows.

=y + L (5 g (D)

1y =By () 373 1>’0+1)"(p+1)’
e = O DAH IR (R (]

2y =t Ce et p (N gres 1y i7sG + G +3) (P 1)

2 =2l p (D pr G+ 075G + 26 + 96+ (7T

Therefore, the formulas of estimate parameters are optimized by augmented Lagrangian adaptive barrier minimization
algorithm to optimize for a non-linear solution with non-linear constraints. So, the parameter estimates (&, 6, ¢ and k)
are derived. The estimates of 7 can be calculated by

5 o _ (69°+ad) . P p+1
p=1- S (5 oG+ ()
In a similar way, in case of § < 0, the r-th LH-moments with order p = 0,1, 2,...forr = 1,2, 3,4, 5 are as follows.

2=y +28r (A)5r_ - 1)1(j+1)“(5’111) +2r () 2o (- 1)’0+1)"(§)111)

2 =R B () S —1iG + D (p * 1) D (B DG+ D) (p * 1)]

K
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=R (2 i+ (P ]+ Lr (B enig oo+ (7T,
5=t B ()R G+ xo+2)o+3)(p+.3) “Lr@)nenorusgrac+a (777

2(5'¢
p _ Pt5 K

57 5 +_¢(

1IN

rA e GG+ +0G+ (7T Y

A
)EA I+ DG+ G+ G +H (7T il

KR

The estimates of 7 can be calculated by

K

P= 2 - Q) TG+ 03 (] 1) - Fr () TG 0 ()

Moreover, the newly derived formulas of estimate parameters can be applied to accurately forecast return levels of
the extreme events. The principal advantage of this research is its ability to estimate parameters from datasets with small
sample sizes. The results obtained can be applied across a wide range of disciplines. For instance, in engineering,
particularly irrigation engineering, the proposed formulas can be employed to forecast maximum water levels in
reservoirs. This facilitates the effective planning and design of dam structures to ensure they can safely accommodate
water inflow and prevent overtopping. In the field of flood management, the formula aids in the prediction of extreme
rainfall events, providing essential data for planning and implementing effective flood mitigation strategies. In
meteorology, it enables the forecasting of extreme weather events, thereby enhancing disaster preparedness. Moreover,
the findings can support the development of agricultural insurance schemes by offering data-driven insights into weather-
related risks. For future research, this parameter estimation formula will be applied to real events data, for example,
extreme flood data, temperature data, wave data, wind data, and so on.
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